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Abstract. Let H be a fixed graph on k vertices. For an edge-coloring c of H , we say that H is
rainbow, or totally multicolored if c assigns distinct colors to all edges of H . We show, that it is easy
to avoid rainbow induced graphs H . Specifically, we prove that for any graph H (with some notable
exceptions), and for any graphs G, G 6= H , there is an edge-coloring of G with k colors which contains
no induced rainbow subgraph isomorphic to H . This demonstrates that, in a sense, induced subgraphs
do not have “anti-Ramsey”-type properties.

1. Introduction

1 Let G = (V,E) be a graph. Let c : E(G) → [k] be an edge-coloring of G. We say that G
is monochromatic under c if all edges have the same color, and we say that G is rainbow or totally
multicolored if all edges of G have distinct colors. A graph G′ = (V ′, E′) is an induced subgraph of
G if V ′ ⊆ V and e ∈ E′ if and only if e ∈ E. Ramsey, see [12], has shown that the monochromatic
subgraphs are unavoidable in colorings of large complete graphs with fixed numbers of colors. Erdős,
Simonovits and Sós, see [7], proved that the totally multicolored subgraphs are unavoidable if the
number of colors used on the graphs is large enough. When considered colored subgraphs are induced,
the situation becomes more subtle. Deuber, see [3] proved the induced variant of Ramsey theorem by
showing that for any two graphs H1 and H2, there is a graph G such that in any coloring of edges of
G in two colors 1 and 2, there is an induced subgraph of G isomorphic to Hi which is monochromatic
of color i. This demonstrated that monochromatic induced subgraphs are also unavoidable in any
coloring of some graphs. The induced Ramsey number rind(H1,H2) is the smallest order of such a
graph G. The bounds on this number were first established by Deuber, Erdős, Hajnal and Pósa,
also by Rödl, see [3, 6, 12, 8]. But the best bounds up to date are due to Kohayakawa, Prömel and

Rödl, see [10], giving that rind(H1,H2) ≤ |H2|
c|H1| log χ(H2), for |V (H1)| ≤ |V (H2)| and an absolute

constant c. In this paper, we show that the anti-Ramsey result does not extend to induced subgraphs.
Specifically, we show that any graph H, with a few exceptions, can be avoided as a rainbow induced
subgraph in edge-colorings of any graph.

Definition 1. Let H be a graph with with k edges and no isolated vertices. For a graph G, we say
that G arrows H and write

G → H

if and only if every possible edge-coloring of G with k colors contains an induced rainbow subgraph
isomorphic to H. We write

G 9 H

if G does not arrow H.

Definition 2. f(H) = max{n : there is a graph G on n edges such that G → H}.
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Figure 1. F∞
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Figure 2. F2
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Figure 3. F1

We denote by Kn, Sn, Pn, Cn a complete graph, a star, a path, and a cycle on n vertices, respectively.
Note that S2 = K2 = P2, P3 = S3. A vertex-disjoint union of graphs G and H is denoted G + H; a
graph which is a vertex-disjoint union of n copies of a graph G is denoted nG. We say that an acyclic
graph H is a double star if and only if it is not a star and it has an edge e, called central, so that all
edges in H excluding e are adjacent to e; we call the vertices of the central edge central vertices. A
vertex-disjoint union of stars is almost balanced if either 1) H has at least two stars such that one star
has m edges and all other stars have m + 1 edges, m ≥ 1 or 2) H has at least three stars such that
one star has one edge, one star has m edges, and all other stars have m + 1 edges, m ≥ 2. We denote
the set of all almost balanced unions of stars excluding S3 + S2 by Bal∗. Formally,

Bal∗ = {Sm + tSm+1 : m ≥ 2, t ≥ 1} ∪ {S2 + Sm + tSm+1 : m ≥ 3, t ≥ 1} \ {S3 + S2}.

A double star is almost balanced when the number of edges incident to one vertex of the central
edge is a and the number of edges incident to the other vertex of the central edge is a + 1, for some
a ≥ 2. We denote the set of all almost balanced stars by Doub∗.

Let

F∞ = {Sn, nK2, Sn + K2 : n ≥ 2},

F1 = Doub∗ ∪ Bal∗,

F2 = {P4} ∪ {2S2 + tS3 : t ≥ 1},

see Figures 1,2,3 for illustration. Our main result is the following.

Theorem 1. Let H be a graph with k edges. Then

f(H) =



















∞, H ∈ F∞,

k + 2, H ∈ F2,

k + 1, H ∈ F1,

k, otherwise.
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Note that a similar function f(H) can be defined for vertex-colorings. The corresponding problem
is solved in [1], [2].

We prove the main theorem in the next section by first giving a structural argument restricting
our attention only to graphs H which are special forests, then treating the case when f(H) = k,
f(H) = k + 1, f(H) = k + 2, and, finally, f(H) = ∞.

2. Lemmas and their proofs

If a graph G contains an induced subgraph isomorphic to H, we shall write H ⊆ G. For a subset
E′ of edges of a graph G, we shall denote G[E] the induced subgraph of G spanned by the endpoints
of edges in E′, in other words, the smallest induced subgraph of G containing all edges from E′. In
the following lemmas we shall assume that |E(H)| = k and that H has no isolated vertices.

Lemma 1. Let H have k edges and let G have a set E′ of t edges, t < k, such that G[E′] is not an
induced subgraph of H. Then G 6→ H.

Proof. Color edges from E′ in t distinct colors and color the rest of E(G) with the remaining k − t
colors. Then any rainbow subgraph of G on k edges must contain E′. However, G[E′] is not an
induced subgraph of H. Thus, there is no rainbow induced copy of H in this coloring. �

Corollary 2. Let H have k edges and n vertices. If G has a set of at most k − 1 edges on more than
n vertices then G 6→ H.

Lemma 2. If H has k edges and two edges e = {u, u′} and e′ = {v, v′} (note: u might be equal to v)
such that H − {e, e′} has no isolated vertices, then f(H) = k.

Proof. Assume that G → H and |E(G)| ≥ k + 1. Consider a set of vertices S ⊆ V (G) such that
S induces H (such a set of vertices exists, otherwise by definition G 9 H). Since |E(G)| > |E(H)|
and G induces H, there is an edge e′′ = {x, y} ∈ E(G) such that at least one of its endpoints is not
in S. We will say, without loss of generality, that x /∈ S. Let G′ be a subgraph of G with edge set
E(G′) = (E(H) \ {e, e′}) ∪ {e′′}. Then |V (G′)| > |V (H)|. By Corollary 2, G 9 H. �

Lemma 3. If G → H, H /∈ F∞ ∪ {P4} and |E(G)| > k, then both H and G are a disjoint union of
stars and at most one double star. Moreover, if H is the union of t stars and s (s ≤ 1) double stars
then G also the union of t stars and s double stars.

Proof. Claim 1 H is the disjoint union of stars and at most one double star.
Observe that Lemma 2 implies that H does not have any subgraph isomorphic to Cn, with n ≥ 4.
If G has a triangle, color its edges with colors k, k − 1 and color the rest of the graphs with colors
1, 2, . . . , k − 2; this coloring does not contain any induced rainbow subgraph on k edges. Since G has
no triangles, H also has no triangles. So, we can assume that each component of H is a tree. Us-
ing Lemma 2, it is easy to observe that the H is the disjoint union of stars and at most one double-star.

Claim 2 The number of components of G is at most the number of components of H.
Let H have t components. Since H 6∈ F∞, H is not a matching, thus t ≤ k − 1. Assume that G has
at least t + 1 components. If t < k − 1, color at least t + 1 edges from distinct component of G with
different colors and color the rest of the graph with remaining k−(t+1) colors arbitrarily. If t = k−1,
color each component of G monochromatically. In both cases, any rainbow k-edge subgraph has at
least t + 1 components, a contradiction.
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Claim 3 G is the union of stars and at most one double star. Moreover, if H has no double stars,
then G also has no double stars.
We may assume that k ≥ 4 since otherwise H ∈ F∞ ∪ {P4}. Assume that G has a path of length 4,
then take first, second and fourth edges of this path. These three edges induce a graph containing P5.
Since P5 is not a subgraph of H, using Lemma 1, we arrive at a contradiction. Thus P5 6⊆ G. This
implies that Cn 6⊆ G for n ≥ 5. We also have that C4 6⊆ G since three of its edges induce a graph
which is not a subgraph of H. C3 6⊆ G since k ≥ 4 and C3 6⊆ H. This implies that G is a disjoint
union of stars and double stars. Assume that G contain two double stars.

Let k ≥ 5. Consider two nonadjacent edges e, e′ from one double star and two nonadjacent edges
e′′, e′′′ from another double star. Then e, e′, e′′, e′′′ induce P4 + P4 in G. Since P4 + P4 6⊆ H, we arrive
at a contradiction with Lemma 1.

Let k = 4. We see that H must contain a double star since there are two edges in G inducing a
double star. Let’s color the first double star of G with colors 1 and 2 and color the second double
star with colors 3 and 4. Then there no rainbow subgraph of G has a double star, a contradiction.
Therefore, G must be the disjoint union of stars and at most one double star.

Assume now that H has no double stars and G has a double star. Pick two nonadjacent edges from
a double star of G to arrive at a contradiction with Lemma 1. This concludes the proof of Claim 3.

Claim 4 The number of components of G is at least the number of components of H.
If H is a disjoint union of t stars, the Claim follows immediately since H is an induced subgraph of
G and since G is the disjoint union of stars itself. If H is the disjoint union of t stars and a double
star, by Claims 1 and 3, G is the disjoint union of at most t stars and a double star. If the number
of stars in G is less than in H then any induced subgraph of G containing a double star has less than
t stars, a contradiction. If H is a double star then since G contains a double star the Claim follows.
This concludes the proof of the Lemma. �

Lemma 4. If H is the union of stars and at most one double star and H /∈ F∞ ∪ F1 ∪ F2 then
f(H) = k.

Proof. Let G → H and G has at least k + 1 edges, H 6∈ F1 ∪ F2 ∪ F∞. By Lemma 3, we see that H
is 1) a union of stars, 2) a double star, or 3) a union of stars and exactly one double star.

1. Let H be the disjoint union of t stars, t ≥ 2. Note that H 6= Sk + S2. Then G is also the
disjoint union of t stars by Lemma 3. Let m(G) and m(H) be the sizes of the largest stars in G and
H, respectively. Let m′(G) and m′(H) be the second largest sizes of stars in G and H, respectively,
with m′(G) < m(G) and m′(H) < m(H). We have that 2 ≤ m(H) ≤ k−2, since otherwise H is either
a star or a disjoint union of a star and a single edge, or a matching. Since H ⊆ G, m(G) ≥ m(H). If
m(G) > m(H), then color m(H) + 1 ≤ k − 1 edges of the largest star in G distinctly, and use the rest
of the colors for the rest of the edges of G. Then any rainbow induced subgraph in G will have a star
that is larger than the largest star in H, so it cannot be isomorphic to H. Therefore, we have that
m(G) = m(H) = m. Assume first that H has only one star of size m.
Case 1: G has only one star of size m.
Color the edges of G such that the largest star has m − 1 colors. This is always possible to do since
|E(G)| > |E(H)|. Then any rainbow subgraph of G has a largest star of size at most m − 1, a
contradiction.
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Case 2: G has at least two stars of size m, and m′(H) ≤ m − 2.
Color one of the largest stars of G with m−1 colors and color the rest of the graph with other remaining
colors. Then any rainbow subgraph of G on k edges will have a star of size m − 1, a contradiction.
Case 3: G has at least two stars of size m and m′(H) = m − 1.
Since H 6∈ F1∪F2∪F∞, we have that H has at least three components and that there are at least two
edges not contained in the two largest stars, (otherwise H = Sm+1 +Sm +S2), that is, 2m−1 ≤ k−2,
and 2m ≤ k − 1. Multi-color two largest stars in G using 2m colors. Then use the remaining colors
to color the rest of the graph arbitrarily. Then any rainbow induced subgraph of G on k edges will
contain at least 2 stars of size m, a contradiction.

Now, let H have t ≥ 2 stars of size m. Then G has at least t stars of size m. Let H ′ be obtained
from H by deleting t− 1 largest stars and G′ is obtained from G by deleting t− 1 largest stars. Then
we see from above that there is a coloring c′ of G′ with |E(H ′)| which does not contain a rainbow
copy of H ′. Let’s multicolor t − 1 largest stars of G and use coloring c′ with new set of colors on the
remaining graph (isomorphic to G′). Then clearly, there is no rainbow copy of H produced by this
coloring, a contradiction to the fact that G → H.

2. Let H be a double star. Recall that H is not almost balanced. Then G is a double star by
Lemma 3. Let a + 1 and b + 1 be the number of edges incident to each vertex of the central edge of
H, with a ≥ b ≥ 1, and let c + 1 and d + 1 be the number of edges incident to vertices v, v′ of the
central edge of G, respectively, with c ≥ d ≥ 1. Observe that d ≥ b, c ≥ a, otherwise H 6⊆ G. If c > a,
color a + 1 incident to v edges with distinct colors, and color the rest of the graph arbitrarily with
new colors. Then any rainbow subgraph of G on k edges will have maximum degree greater than a,
thus this graph is not isomorphic to H.

If c = a, color all c + 1 edges of G incident to v with c colors, color the rest of the graph arbitrar-
ily. Since H is not almost balanced, this coloring does not contain a rainbow copy of H. Thus G 6→ H.

3. Let H be a disjoint union of at least one star and exactly one double star.
Let the double star of H have s edges, the stars of H have k − s edges. Lemma 3 implies that G is

a union of stars on at least k − s edges and a single double star on at least s edges.
Case 1: The number of edges in the stars of G is greater than k − s.

Color the double-star of G with s− 1 colors and color the rest of G with remaining k − (s− 1) colors.
Then any rainbow subgraph has either no double star or a double star on at most s − 1 edges, a
contradiction.

Case 2: The number of edges in stars of G is k − s. This means that the double star of G has at
least s + 1 edges. If k − s ≥ 2, color the double star in G with s + 1 colors and color the stars in
G with k − s − 1 new colors. Thus, there is no rainbow H in this coloring of G. If k − s = 1 then
color the central edge of G and an isolated edge with the same color and color the rest of the edges
arbitrarily with new colors. This coloring does not have a rainbow copy of H either. Thus, G 6→ H.
This contradiction concludes the proof of the Lemma.

�

Lemma 5. If H ∈ F1 then f(H) = k + 1.

Proof. Let |E(H)| = k. Assume first that H is an almost balanced union of n stars, n ≥ 2, with one
star having m − 1 edges and all others having m edges, m ≥ 2. Any k-coloring G = nSm+1 has a
rainbow induced subgraph isomorphic to H, so G → H. If |E(G)| > k + 1, and G → H, by Lemma
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3, G is the disjoint union of the same number of stars as H. Observe first that m + 1 ≤ k − 1, since
otherwise m = k−1 and H = S3 +S2 ∈ F∞. There is at least one star in G with at least m+1 edges.
By coloring this star with m + 1 distinct colors and the rest with the remaining colors, there will be
an Sm+2 in any rainbow induced subgraph of G, and thus G 9 H. Therefore, f(H) = k + 1.

Assume now that H is an almost balanced union of stars with one star having one edge, one star
having m−1 edges, and all others having m edges, m ≥ 3. Consider the graph G = nSm+1 +K2. Any
k-coloring of G has a rainbow induced subgraph of H, so G → H. If |E(G)| > k + 1, and G → H,
by Lemma 3, G is the disjoint union of the same number of stars as H. Then if there is a star with
at least m + 1 edges, color this star with m + 1 distinct colors and the rest of the graph with the
remaining colors. Then there will be a Sm+1 in any rainbow induced subgraph of G, and thus G 9 H.
If there is no star on at least m + 1 edges, then there is no star on only one edge. Then color each
star in G with at least 2 different colors, so that any rainbow induced subgraph of G will have n stars
each on at least 2 edges and cannot contain a copy of H. Note that this coloring does not exists if
m = 2. Therefore, G 9 H, and f(H) = k + 1.

Now assume that H is an almost balanced double star having m edges adjacent to one central
vertex and m − 1 edges adjacent to the other. Consider the graph G which is a double star with m
edges adjacent to each central vertex. Then any k-coloring of G will contain a rainbow induced H,
so f(H) ≥ k. But, if |E(G)| > k + 1 and G → H, again by Lemma 3 we have that G is a double
star. Then G has a vertex v of degree higher than the maximum degree of H. Color the central
edge of G with color 1, color other edges incident to v with as many distinct colors as possible, color
the rest of the graph with the remaining colors if there are any or with color 1. Thus G 9 H. So,
f(H) = k + 1. �

Lemma 6. If H ∈ {P4, 2S2 + tS3 : t ≥ 1} then f(H) = k + 2.

Proof. Let H = P4, G → P4, and |E(G)| ≥ 6. Then Lemma 1 implies that G has no subgraphs
isomorphic to K3 or C4 and has no induced subgraphs isomorphic 2K2. This implies that G has no
induced subgraph isomorphic to Cn with n ≥ 6, n = 3, or n = 4 and no induced subgraph isomorphic
to P5. We see also that G must be connected. Assume that G has an induced subgraph C isomorphic
to C5. Then, since G has at least 6 edges and G is connected, we see that there is an edge e = {x, y}
incident to some vertex of C, i.e., x ∈ V (C), y 6∈ V (C). Since G has no C3 or C4, we see that y is
not adjacent to any vertex of C thus G has an induced P5, a contradiction. Thus, G has no cycles,
so it is a tree with no induced subgraph isomorphic to Pn with n ≥ 5. Since P4 ⊆ G, G is a double
star. Let the two vertices of the central edge in G be v and v′. Assume, without loss of generality
that v has degree at least 3. Color two non-central edges incident to v with distinct colors, and color
all other edges the remaining color. Then any rainbow induced subgraph of G on three edges will be
a star and will not be isomorphic to P4. Therefore, G 9 H. Thus, if G → H, then |E(G)| ≤ 5. On
the other hand, it is easy to see that C5 → P4. Thus f(P4) = 5.

Let H = 2S2 + tS3, t ≥ 1. Let G → H and |E(G)| ≥ k + 3. By Lemma 3, we see that G is a
union of t + 2 stars. Clearly, at least one of these stars has at least three edges. Color these three
edges with distinct colors and color the rest arbitrarily with remaining colors. This coloring does not
contain rainbow H, a contradiction. On the other hand, let G = (t + 2)S3. It is easy to check that
G → H. Thus f(H) = k + 2. �

Lemma 7. Let H ∈ F∞. Then f(H) = ∞.
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Proof. Recall that F∞ = {Sn, nK2, Sn + K2 : n ≥ 2}.
Let H = Sn, with n = k + 1. Observe that Sm → Sn for m ≥ n since any n edges of Sm form an

induced Sn, and therefore any k-edge coloring of Sm will contain a rainbow induced Sn. Since m can
be arbitrarily large, f(Sn) = ∞.

Let H = kK2 with k ∈ N. Consider G = mK2 with m ≥ k. Then by coloring G in k colors, we
can choose any k edges that have distinct colors, and these edges will form an induced subgraph of
H. Therefore, G → H for all m ≥ k, so f(H) = ∞.

Let H = Sk + K2. Consider the graph G = Sm + K2, m ≥ k. Consider a coloring of E(G) in k
colors. Assume that an independent edge has color 1. Then there is a star in G using colors 2, 3, . . . , k.
Therefore, G → H. Since m can be arbitrarily large, f(H) = ∞. �

3. Proof of the main theorem

Let H be a graph on k edges. If H = P4∪{2S2+tS3 : t ≥ 1} then Lemma 6 implies that f(H) = k+2.
If H ∈ F∞ then Lemma 7 claims that f(H) = ∞. Thus we can assume that H 6∈ F∞ ∪ F2.

Let G → H and let G have more than k edges. Lemma 3 implies that for some integers t ≥ 1 and
s ∈ {0, 1}, both G and H are vertex disjoint unions of t stars and s double stars. This is used to prove
Lemmas 4 and 5. If H 6∈ F1 Lemma 4 implies that f(H) = k. If H ∈ F1 then Lemma 5 implies that
f(H) = k + 1. This concludes the proof of the main theorem.
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