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Abstract

Let 7 be a family of all k-vertex trees. For T C 7T and a tree T, we write T" — T if
T contains at least one of the trees from 7 as a subtree, we write T" /4 T otherwise. Let
ex(T) be the smallest integer n, if such exists, such that for any tree T on at least n vertices
T — T. It is shown that min{ex(7): T CTx, |T|=¢q} = 20 (klog™" k) where log?™! is the
g — 1 times iterated logarithm. In addition, the bounds on ex(7T) for families 7 with a given
number of spiders are given.

1 Introduction

For a finite family 7 of k-vertex trees and a tree T, we write T — 7T if T contains at least one
of the trees from T as a subtree, we write T' A T otherwise. We call a family 7 unavoidable
if there is an integer n such that for any tree T on at least n vertices T' — 7. We denote the
set of all n-vertex trees 7,, an n-vertex star S,, and an n-vertex path P,.

Clearly, not every family of trees is unavoidable. Observe that each unavoidable family 7 of
trees must contain a path and a star, otherwise either an arbitrarily large star or an arbitrarily
long path will avoid 7. There is an extensive literature on unavoidable trees in tournaments,
see for example [7], unavoidable trees in topological graphs [6], and more. The universal trees
containing all trees of given order have been studied as well, see [1, 2, 3]. The algorithmic aspect
of finding a given tree as a subtree in a larger given tree has been addressed in [8]. However,
the extremal problem of unavoidable subtrees in trees did not receive a due attention. Here,
we investigate the smallest value of n such that any tree on n vertices contains a member of 7.
Let, for an unavoidable family 7 of trees,

ex(T)=min{n VT €T,, T — T}.

In particular, for any tree T" on at least ex(7) vertices T' — T, but there is a tree on ex(7) — 1
vertices such that T4 7. We will later prove the easy fact that
2+ E=l(k—2)*kD/2 1) ifk is odd
Proposition 1. ex({Sg.1, P = k-3 =
|Y ({ k+1 k+1}) {3 + 2%((}{/; _ 2)(k—2)/2 _ 1) ka is even
90.5klog k(140(1))
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In addition, if 71 C T then ex(71) > ex(7). Since any unavoidable tree family 7 in T
contains a star Sy, and a path Py, ex({Sg, Px}) > ex(7). The main question we investigate here
is how large the difference ex({Sk, Pr}) — ex(T) can be. Formally, let

f(k,q) =min{ex(T): T CTx, |T| =4},

if this minimum exists. We show that the behavior of ex(7) as a function depends heavily on
the number of spiders 7 contains. A spider is a tree with at most one vertex of degree greater
than 2. For this purpose we define the following function for non-negative integers p, q, k:

f(k,p,q) = min{ex(7): T C T is a union of p + 2 spiders and ¢ non-spiders}.

For a tree Q that is not a spider, let the span of @, denoted span(Q), be the set of distances
between vertices of degree at least 3. We denote the maximum degree of a graph and its
diameter with A and diam respectively. In the following, the logarithms are base 2 and log’ z =
loglog - - -log x, where log is iterated ¢ times.

Theorem 1. f(k,p,q) = 26 (klog? ™ k) specifically,

24*‘1*1klogerl k(14+0(1)) < f(k P q) < 2k10gp+1 k(l—i—o(l))_

The upper bound is guaranteed by a family T = {Sk, Py, Q1,...,Qp}, where Q; is a balanced
spider of mazimum degree log'k fori=1,... p.

Corollary 1. f(k,p) = f(k,p — 2,0) = 2018 k) " specifically,

20.25klogp_1k(1+o(1)) < f(k,p) < 2klogp_lk(1+o(1)).

k. p
Corollary 2. f(k,0,q) = 209%102k) " specifically,

20.5-4_‘1k10gk(1+o(1)) < f(k707Q) < 20.5klogk.

In order to establish the lower bounds, for each eligible family of trees we will construct a
tree that avoids the family. For the upper bounds, we will find a specific family of trees and
show that no tree of a certain size can avoid it.

2 Definitions, observations, constructions

Henceforth, sequences and vectors will be written in bold script, and their elements referred to
in subscript, e.g., a sequence b = (by,...), or a vector u = (ug, u1, ..., Uy, ) for some m > 0. We
shall always index the elements of the vectors starting with 0. The depth of a rooted tree T,
depth(T), is the largest distance between the root and any leaf. Most of our results use balanced
(stable) rooted trees where the vertices at the same distance from the root have the same degree.
Formally, for a vector u, with u; > 2,1 =1,...,m and ug > 1, let a balanced tree with vector
u, B(u), be a rooted tree of depth m + 1 in which all vertices at distance ¢ from the root have
degree u;, i = 0,...,m. The vertices of distance m + 1 from the root are leaves. The diameter
of B(u) is 2m + 2. We have that

V(B)| = T4uo+uo(ur = 1)+ Fup(ur —1)(ug —1) - (um — 1)

> g [ J(wi —1). (1)
i=1



A complete k-ary tree, T, of depth r is a balanced tree with vector (k,k +1,...,k + 1), where
k + 1 is repeated r — 2 times. For a spider that is not a path, the vertex of maximum degree
is the head or center of the spider; the spider is a union of paths, called legs, with one endpoint
a leaf and another the head. Observe that if @ C T then span(Q) C span(7"), A(Q) < A(T),
diam(Q) < diam(7). For all other standard graph theoretic definition, we refer the reader to
[11]. In all the calculations we omit floors and ceilings when their usage is clear from the context.

For a tree T, and a root r € V(T'), define a partial order on V(T') naturally with v' <wv if v
is on the v/-r-path. Intuitively, the closer to the root a vertex is, the greater it is with regards to
this partial order. All subtrees are rooted respecting the original order. We say that a subtree
is inherited by a vertex v if its vertex set consists of all vertices u such that v < v. The children
of a vertex v are those vertices v’ adjacent to v with v" < v. The parent of a vertex v, v # r
is a vertex w adjacent to v, v < u. The inherited subtree depth of a vertex v in a rooted tree is
the largest distance to a vertex u with u < v, i.e., the depth of the tree inherited by v. For the
balanced trees B(u) we always assume that the partial order with respect to this root is implied.

For a given family 7 of k-vertex spiders of diameter at most k/2 with maximum degrees
Aq,..., A, for some z, define a reduced family of spiders T" = T"(T) to consist of
x balanced spiders, where the i'" spider has maximum degree A; and leg length (k/2)/A;,
1=1,...,x.

Lemma 1. For any balanced tree B of diameter at most k/2, and any family T of k-vertex
spiders, B / T" implies that B / T .

Proof of Lemma 1. Let B be a balanced tree of diameter at most k/2. Assume that Q C B,
for some @ € T with A legs of lengths ¢1 > f5 > --- > fa. Since B is balanced, it contains a
balanced spider with A legs of length ¢. Since ¢ < k/2, 0y > (k—1¢1)/(A—1) > (k/2)/A =: L.
The balanced spider with A legs of length ¢ is in 7. O

2.1 Construction of a tree avoiding a family of spiders

Let T be a given family of k-vertex spiders containing S and Pj,. We will construct a tree of
diameter k/2, so let 77 be a subfamily of 7 consisting only of spiders of diameter at most k/2.
Let 7" = T"(T") be the reduced family of spiders of maximum degrees A; and leg-length ¢;,
respectively, i = 0,...,x, for some z, x < |T|—2. Let k — 1 =Ag > A1 > Ay > - > A, > 3.
Note that 1 = fy < 1 < by < ... <y, {; = (k/2)/A;, and define £,11 := k/4 — 1. Let

u:(Ax—l,Az—1,...,AI—1,...,Ai—1,...,Ai—1,...,A0—1,...,A0—1)

Lyy1—Lg lit1—2; £1—Lo

be a vector with a total of k/4 — 1 entries. Define the intervals I; := {j > 1 : u; = A; — 1}, i.e,,
the set of positions (except for position 0) occupied by A; — 1, for ¢ = 0,...,z. Let our desired
tree to avoid the family of spiders 7 (including Sy and Py) be

T =Ts(T) := B(u).

Note that, using (1), [V (T)| > [Tio(A; — 2)/l = [T (A; — 2)f+1 =4,

Any vertex of degree at least A; in T has inherited subtree depth of less than ¢; in T,
i=1,...,q—2,80 T 4 T". By Lemma 1 T avoids the trees of diameter at most k/2, and by
the fact that T" has diameter less than k/2, we have that T' /4 T.



This concludes the construction. We shall analyze the size of T in Section 3.

Before beginning the next constuction, we need some more definitions and lemmas:

Let b be a binary sequence, and D a set of positive integers. We say that b avoids D if
for any three indices z,y, z such that b, = b, = b, = 1 (here x,y, z do not need to be distinct),
ly — x| + |z —y| € D. If a set D consists just of one element d, instead of writing that b avoids
{d} we simply write that b avoids d. We define the relative frequency of 1s of a binary sequence
b in the interval I = [s,t], or frequency freq(b, I') for short, as the number of 1s in the sequence
(bs,bst1,--.,bt), divided by the total amount of integers in the interval, i.e., by t — s+ 1. For a

U; if bl' = 1,
binary sequence b and a vector u, define bou:=u’ as follows: v, =<1 ifb; =0 and i =0,
2 ifb; =0 and i # 0.

Lemma 2. For any finite set of positive integers D, and any interval I, there is a binary
sequence b avoiding D, with a frequency at least 471P! in T.

Lemma 3. If a binary sequence b avoids d, then for any vector u, d ¢ span(B(b ou)).

We will prove these lemmas formally in the appendix.

2.2 Construction of a tree avoiding a general family of trees

Let T = QsUQ,, |Qs| =p+2, |Qn| = ¢q be a given family of k-vertex trees, where Qj is a family
of spiders containing P and Sy and Q,, is a family of non-spiders. Let Ts = T5(Qs) be the tree
from Construction 2.1, i.e., a tree avoiding Qs. We have that T is a balanced tree T' = B(u),
for some vector u = (u, ..., u/4—2). We shall construct a tree avoiding 7 by trimming 7 in
such a way that its span avoids some element of the span of each non-spider in 7. For that, we
need parameters ¢, D and b.

e Choose ¢ from 7 = 0, ...,z as the index for which the product of elements in the interval
L i, [Tiep, (uy — 1) = (A — 2)bi+174 | is maximal.

e Let D be a set of representatives of spans of the trees from 9, i.e., |D Nspan(Q)| > 1 for
each Q € Q,, and |D| < |Q,| = ¢.

e Let b be a binary sequence avoiding D with frequency at least 4Pl in I,, guaranteed by
Lemma 2.

Finally, let our desired tree be

T=T(Q;UQ,):=B(bou).

By Lemma 3, span(T)ND = (). With that, we get that for any Q € Q,, there is a d € span(Q)
with d ¢ span(T'), and therefore T" avoids all @ € Q,,. Since T is a subtree of Ts, and T avoids
Qs, we have that T avoids Qg too.

We shall analyze the size of T" in Section 3.
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Figure 1: A tree B(u), a sequence u, a sequence b, a sequence bou, and a tree B(bou), where
the entries of the sequences correspond to the layers of the trees depicted on the same horizontal
line. Here u = (3,3,3,3,3), b=(0,1,0,1,0), bou=(1,3,2,3,2).

3 Proofs

3.1 Proof of Proposition 1 (Star and Path)

Proof of Proposition 1. Observe first that if T' is a tree of largest order avoiding Sk41 and Py,1,
then the longest path in G has length £ — 1, otherwise one can subdivide an edge in a longest
path of T' to obtain larger such a graph.

If k is odd, then B(k—1,...,k—1) of depth (k — 1)/2 has diameter k — 1, maximum degree
k—1and 1+ i:é ((k—2)*=1/2 _1) vertices. Consider some tree T avoiding Py, and S, ;. Let
{c} be the center of a longest path P of length £ —1. Any other vertex of T is at distance at most
(k—1)/2 from ¢ because otherwise a path of length at least (k + 1)/2 from ¢ and a sub-path of
P with endpoint c together give a longer than P path. Thus T is a tree rooted at ¢ with depth
at most (k —1)/2 and maximum degree is at most k — 1, so [V(T)| < 1+ £=2((k— 2)(k=1)/2 _1),

If k is even, then two graphs isomorphic to B(k — 2,k — 1,...,k — 1) of depth (k — 2)/2,
linked together at the roots by another edge, form a graph of diameter £ — 1, a maximum degree
of k—1 and with 2+ 2%((1{: —2)k=2)/2 _ 1) vertices. Consider some tree T' avoiding Py1 and
Sk+1. Let {r,l} be the center of the longest path P of length at most k& — 1. Define L and R
to be the trees rooted at r and [, respectively, and obtained from T by deleting the edge rl. As
in the previous case, any v € V(L) has distance at most (k — 2)/2 from [, and the degree of [
in L is at most k — 2 within L. So, L, and by symmetry, R are rooted trees of depth at most
(k —2)/2, the degree of each vertex at most & — 1 and the degree of the root at most k — 2. So,
V(T = V(D) + [V(R)| < 2+ 25=2((k — 2)+-2)/2 — 1), 0

3.2 Proof of Theorem 1 (Main Theorem)

Proof of the upper bound

Let T = {Sk, Py, Q1,...,Qp}, where Q; is a balanced spider of maxdegree loglk fori=1,...,p.
Let T be a tree that avoids all 7. We have to show that [V (T)| < 2kles”™" k(1+o(1)  Observe
first that A(T) < k—2 and diam(7") < k—2. Fix some vertex r to be the root of 7" and consider
the partial order of vertices with respect to this root. We say that a vertex is i-small if its
inherited subtree has depth at most k/ log*! k.



Claim: For ¢ = 0,...,p — 1 a tree inherited by an i-small vertex in T has at most s; :=
2(i+1k(A+o(1)) yertices.

We proceed by induction on i. If v is a 0-small vertex and S is the tree inherited by v, then
A(S) < A(T) < k and depth(S) < k/logk by definition. Thus |V (S)| < k¥/logk — 2k,

Consider an (i+1)-small vertex v and its inherited subtree S. Obtain S” from S by removing
all 4-small vertices. Observe that each of the remaining vertices has inherited subtree depth
greater than k/log"™1 k in T. If there is a vertex u in S’ of degree at least log’™! k in ', then
each child of u in S’ has inherited subtree depth greater than k/log"™k in T' due to being
in §’, so u is a center of a copy of Q;;1, a contradiction. Thus A(S") < log"™ 'k in . As
depth(S") < depth(S) < k/logi*? k by definition, we get that [V (S')| < (log"t! k)k/los™*k — ok
We have that a tree S is a union of S” and i-small trees inherited by children of some vertices of
S’. Each vertex in S” has at most k children in S, each of which inherits in S at most one such
a subtree of size at most s;. This yields

V()| < [V(S")|ksi < k- 2¢ - U DRIF()  9e+2k(b+o() _ g, )

and proves the claim.

Now, we shall consider a tree T' and apply an argument almost identical to the one used in
the Claim. Delete all (p—1)-small vertices from T'. The resulting tree 7" has maximum degree at
most log? k and it has depth at most k since diam(7T") < k. Thus |V (T")| < (log? k)* = oklog” &
As before, each vertex of 7' has at most k neighbors, each of which inherits in 7' at most one
such a tree of size at most s,_1 = opk(1+o(1))  Thys,

VT < [V(T") hspoy < 281987 b gpk(I0(1)) _ ghlog” ™ k(Lo

)

concluding the proof of the upper bound.

Proof of the lower bound for spiders

Let T be a family of p + 2 spiders including P, and Sy. Let T'= T5(7) as in Construction 2.1.
We know that T 4 T, so it only remains to analyze the size of T. Recall that the number of
spiders in the reduced family = is at most p. Recall further that ¢,+1 := k/4 — 1 and formally
define Ay41 := (k/2)/Ay41 so the property ¢; = (k/2)/A; is fulfilled also for ¢ = z + 1. Recall
that 7" = B(u), where u has blocks of indices I,..., Iy with entries of A; — 1 in the block
corresponding to I;, ¢ = 0,...,z. We bound the number of vertices in T from below by the
number of leaves:
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We compare two monotone sequences A; and f; := log’ k/ logt'k, i = 1,...,2 and define a
corresponding index ¢.

log k
e Case 1. A1 < f1 = loglgogk:'

_ _ k (loglogk 1
Then the first term in the product of (2) is (Ag — 2)§(A1 =01 > (k—3) 2< tos kil) =
93 loglogk(1+0(1) Get 4, := (.

e Case 2. A, > fr = 1°§+fk

k k log®t1l g
-1 T 2772 Tlog® k
Then the last term in the product of (2) is (A, 2)§7 —58a > (1012§+1kk - 2) s F leeth
x x og®t1 =
o(log™! k—log*? k) (5 =5 ) (1o(1) _ 9 log"  k(1+0(1)) Gt 4, 1= 4.

e Case 3. There is some i, 1 <i <z —1 with A; > f; and A1 < fig1.

k -1
In this case we bound the i*" term in the product of (2): (A; — 2)2(& AT >
logz+2 logi+1 k

k
( log’k B 2) (logl+1k log? k ) _ 2§log"+2k(l+o(1)). Set 4 = i.

10g1+1

So, not only we bound the number of vertices in T', thereby showing the lower bound for spiders,
but more specifically, we show the following fact that we will need for the general lower bound:

Fef0,1,...,2} (A, — 2)1 > 9iflog™  k(1+0(1)) > 9§ log”*! k(1+o(1)) (3)

Proof of the general lower bound

Start with the family of k-vertex trees T = Qs U Q,, |Qs| = p+ 2, |Qn| = ¢, where Qy is
a family of spiders including P, and S; and Q, is a family of non-spiders. Consider a tree
T=T(QsUQ,), a corresponding D, b and ¢ from Construction 2.2. We shall analyze the size
of T. Recall that u’ := bou. Split up I, into I’ and I"”, where I' = {i € I, : b; = 1} and
I"={icl, :b;=0}. From Lemma 2 we have that freq(b,I) > 4~IPl > 479 so |I'| > |I,|471.
It follows from (3) that (A, — 2)/11 > 21 log”* ! k(1+o(1) Using this information, we get the
following lower bound (note that 0 ¢ I, ensuring that the second product is not 0):

@
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Together with the upper bound from the first part of the proof, this proves the theorem. O
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Appendix

Proof of Lemma 2. For two binary sequences b and b’, let b ® b’ be the binary sequence whose
ith element is the product of the i*'s elements in b and b/, i.e., element-wise logical “and”. For a
positive integer s, a shift, b® of a sequence b is defined by b3 := b, 45, x =0, 1,.... For a periodic
binary sequence b with period p, we define the frequency freq(b) as freq(b) := freq(b, [0,p — 1]).

Recall that for a set of positive integers D, a binary sequence b avoids D if there are no

three indices x,y, z with b, = b, = b, = 1 such that |z — y| + |y — 2| = d for some d € D. Note
that if b avoids D, then a shift b® avoids D as well for any s; if furthermore b’ avoids D’, then



b ® b’ avoids D U D’.

First we shall prove the following claim by induction on m.

Claim 1.
Let b; be periodic binary sequences with period p; and relative frequency f; = freq(b;),
i = 1,...,m. Then for every interval I, there are shift values s; € [0,p; — 1], such that

b= bfl ® ... ®b?m has frequency f := freq(b,[) > 1L fi

Let | be the number of integers in the interval.

Induction step: Let b’ be the sequence obtained for by,...,b,,, with the period p’ and a fre-
quency f' = freq(b’,I) > [ 1 ; in the interval I. We have that b’ has f’ - entries 1 in the
interval I, and b,, has f, - p,, entries 1 in any interval of length p,,.

For each 1 of b’ in I, there are f,, - py, shifts s € [0, p,, — 1] such that the 1 from b’ gets
matched up with a 1 from b,,. Summing up the amount of 1s that b’ ® b? has in I over all
shifts s € [0, py, — 1], we get fr, - pm - f' -1 1s in total. That means that on average over all s,
there are f,, - f' -1 1s. So there is at least one shift value s,, such that the interval contains at
least fy, - f' -1 entries of 1 for b :=b’ @ b¥m. As the length of the interval is [, this means that
the freq(b, I) is at least f, - f' > [[i~, fi-

Induction base: To get the statement for m = 1, apply the induction step to the sequence
b’ consisting only of 1s, and note that by = b; ® b’. For this sequence b’, the statement is
obviously true. This proves the Claim 1.

Claim 2. For every d, there is a periodic binary sequence b with frequency at least % and
avoiding d.

For d =1, 3,5, the repeated sequence of 10 serves the purpose, as any two 1s have a distance
divisible by 2 from each other. For d = 2, 4, the repeated sequence of 100 serves the purpose, as
any two 1s have a distance divisible by 3 from each other. For d > 6, consider a periodic binary
sequence b formed by a block of L%J 1s followed by d 0s. We show that b avoids d by showing
the contrary is false: Assume that there is a set of indices x,y, z such that b, = b, = b, =1
and |z — y| + |z —y| = d. Then we see that all three z, y and z must correspond to the
same block of 1s. However, the difference in indices within such a block is at most L%J, SO
lx —y| + |z —y| < ZL%J < d. This concludes the proof of Claim 2.

Now the lemma follows from these two claims. O

Proof of Lemma 3. Let B = B(bou). Assume d € span(B). Then there is a path P of length
d in B with its endpoints 2’ and 2’ of degree at least 3. Let 3 be the vertex in this path closest
to the root of B. If ¢ is the root, then it must have degree at least 2. If 3/ is not the root,
vy’ must have degree at least 3, as it is either 2’/ or 2/, or has two vertices in P adjacent to
it. Let x, y and z be the distances of 2/, ¥/ and 2’ from the root respectively. It holds that
v —y| 4+ |y — 2| = |r — 2| = d. However due to the degree of 2/, 3 and 2’ we must have
b(x) = b(y) = b(z) = 1, showing that b doesn’t avoid d. O



